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Abstract Three-dimensional topological semimetals can support band cross-
ings along one-dimensional curves in the momentum space (nodal lines or Dirac
lines) protected by structural symmetries and topology. We consider rhombo-
hedrally (ABC) stacked honeycomb lattices supporting Dirac lines protected
by time-reversal, inversion and spin rotation symmetries. For typical band
structure parameters there exists a pair of nodal lines in the momentum space
extending through the whole Brillouin zone in the stacking direction. We show
that these Dirac lines are topologically distinct from the usual Dirac lines which
form closed loops inside the Brillouin zone. In particular, an energy gap can be
opened only by first merging the Dirac lines going through the Brillouin zone
in a pairwise manner so that they turn into closed loops inside the Brillouin
zone, and then by shrinking these loops into points. We show that this kind
of topological phase transition can occur in rhombohedrally stacked honey-
comb lattices by tuning the ratio of the tunneling amplitudes in the directions
perpendicular and parallel to the layers. We also discuss the properties of the
surface states in the different phases of the model.
1 Introduction
Topological materials are characterized by momentum-space topological de-
fects, topological invariants and protected surface states [1–5]. The fully gapped
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topological phases have been classified in terms of the existence of various
symmetries [4, 5], and the variety of the different types of momentum space
topological defects is even richer in gapless systems [1, 5–29]. One interest-
ing class of three-dimensional topological semimetals are the Dirac-line (nodal
line) semimetals supporting band crossings along one-dimensional curves in
the momentum space. These band crossings can in principle be protected by
chiral symmetry [1, 5, 9, 13] (often an emergent or an approximate symmetry)
or the structural symmetries of the systems [5,15–18,20,28,29]. From the view-
point of topological materials the main question is what kind of topologically
distinct Dirac-line semimetal phases can exist in the presence of the various
structural symmetries. For example, there exists a class of nodal lines carrying
a nontrivial Z2 monopole charge so that they can be created and annihilated
only in pairs, whereas the nodal lines carrying a trivial Z2 monopole charge
can be created and annihilated one by one [17, 28, 29]. In certain topological
semimetals, such as Bernally stacked graphite, there exists multiple Dirac lines
which meet and merge at certain high-symmetry lines in the momentum space
forming a protected triple degeneracy point of bands called nexus [19–21].
In this paper we study Dirac lines protected by time-reversal, inversion and
spin rotation symmetries with the help of a general model for rhombohedrally
(ABC) stacked honeycomb lattices. We show that these Dirac lines can form
closed loops inside the Brillouin zone (Type A Dirac line in Fig. 1) [5, 15–18]
or they can extend through the whole Brillouin zone in one of the directions
(a) Type A Dirac line (b) Type B Dirac line
boundary of B
rillouin zone
(Berry phase/    ) Berry phase
⌫ = 1
⌫ = 0
(a) (b)
Fig. 1 Two different types of Dirac-line semimetal phases in the presence of SU(2) spin
rotation, time-reversal and inversion symmetries. (a) In Type A Dirac-line semimetals the
nodal lines are closed loops fully inside the Brillouin zone (blue line). Thus, they go through
the full Brillouin zone ν = 0 times. They carry a topological charge Q = 1 defined with the
help of a Berry phase for a path going around the Dirac line. Type A Dirac lines can be
gapped one by one. (b) In Type B Dirac-line semimetals the nodal lines extend through the
whole Brillouin zone in one of the directions (blue and red curves). Thus, they go through
the full Brillouin zone ν = 1 times. They carry a topological charge Q = 1 which can be
defined with the help of Berry phase, but now the radius of the closed path going around
the Dirac line can be taken arbitrary large (as long as it does not go around another Dirac
line). Therefore, it is possible to define a topological charge for each Type B Dirac line as an
integral over a closed surface [Eq. (5)] describing their monopole-like nature: Type B Dirac
lines can be gapped only by first merging them in a pairwise manner.
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in the momentum space (Type B Dirac line in Fig. 1) [13] depending on the
ratio of intra- and interlayer tunneling amplitudes. We show that Type A and
Type B Dirac lines are topologically distinct. Namely, it is possible define
a topological invariant ν by counting how many times the Dirac line goes
through the whole Brillouin zone, and ν = 0 (ν = 1) for Type A (Type
B) Dirac lines (see Fig. 1). Since the Brillouin zone is a torus, ν essentially
describes the winding of the Dirac line around this torus. We show that this
topological difference has important consequences. Namely, it allows defining
a topological charge for Type B Dirac lines describing their monopole-like
nature (different from the monopole charge proposed in [17]): Type B Dirac
lines are robust nodal lines which must always come in pairs. Therefore, Type
A Dirac lines can be created and annihilated individually by shrinking them
to a point but Type B Dirac lines can be gapped only by first merging them
in a pairwise manner so that they become Type A Dirac lines. We discuss the
nature of this kind of topological phase transition in rhombohedrally stacked
honeycomb lattices and depict the momentum-space structure of the surface
states for the different phases of the model. We point out that the monopole-
like nature and robustness of the Type B Dirac lines have been discussed also
in Refs. [28, 29] from different perspectives.
2 Model, symmetries and topological invariants
The rhombohedral stacking of honeycomb lattices is illustrated in Fig. 2. The
tight-binding model for such kind of three-dimensional system [in the sublat-
tice space] can be written as
H(k) =
(
Θ(k) Φ(k)
Φ∗(k) Θ(k)
)
, (1)
Φ(k) = −γ0
∑
i
eiδi·k − γ1eikz − γ3e−ikz
∑
i
e−iδi·k
Θ(k) = −γ2
∑
i
eini·k − γ4
[
eikz
∑
i
e−iδi·k + e−ikz
∑
i
eiδi·k
]
The hopping parameters γi are illustrated in Fig. 2. The nearest-neighbor
vectors δi inside the layers (connecting different types of sublattice atoms) are
normalized so that the vectors ni connecting neighboring unit cells inside the
layers (i.e. connecting the same type of sublattice atoms) have unit length. In
z-direction we use the spacing between the layers as the unit length.
The important symmetries of the model are the lattice translation symme-
tries (guaranteeing that k is a good quantum number), SU(2) spin rotation
symmetry [so that we do not need to include spin degree of freedom into the
Hamiltonian (1)], time-reversal symmetry
H∗(−k) = H(k) (2)
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Fig. 2 Illustration of rhombohedrally stacked honeycomb lattices. The hopping amplitude
γ0 describes the nearest-neighbor hopping inside the layers. In rhombohedral stacking the
layers are stacked in such a way that the nearest-neighbor interlayer hopping amplitudes γ1
always connect one type of sublattice atom in the lower layer to the other type of sublattice
atom in the upper layer. The further neighbor hoppings γ2, γ3 and γ4 are also shown. The
period in the stacking direction is three times the distance between the layers and therefore
rhombohedral stacking is often called ABC stacking.
and inversion symmetry
σxH(−k)σx = H(k). (3)
In many materials, such as graphite, spin-orbit coupling is negligible, and
therefore the assumption about SU(2) spin rotation symmetry is well justified.
The other symmetries are just structural symmetries of the system and there-
fore they are satisfied independently on which hopping processes are included
in the Hamiltonian. They could be broken only via a spontaneous symmetry
breaking occurring due to interactions between the fermions.
It is useful to point out that if the further neighbor hoppings are neglected
γ2 = γ4 = 0, the system supports also a chiral symmetry
σzH(k)σz = −H(k). (4)
This symmetry is valid as a good approximation in many systems, such as
graphite, and it is useful in understanding the surface state spectrum of the
model (see Sec. 4). The chiral symmetry can in principle also protect the
existence of the Dirac lines [13]. However, in this paper we show that this
approximate chiral symmetry is not necessary for the existence of the Dirac
lines. The Dirac lines in this model are in fact much more robust because they
are stabilized by the structural symmetries of the system.
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Due to the existence of SU(2), time-reversal and inversion symmetries
σxH
∗(k)σx = H(k), and therefore for any closed path in the momentum space
the Berry phase is quantized to be φ = 0 or φ = pi [30]. Moreover, it is easy to
show that φ = pi if and only if the path goes around a Dirac line. Therefore,
the Dirac lines in this symmetry class carry a Z2 topological charge, which can
be defined as Q ≡ φ/pi, where φ can be chosen to be the Berry phase for any
path that goes around the Dirac line (see Fig. 1). Thus, the Dirac lines are
stable against small perturbations. If the Dirac line forms a closed loop within
the Brillouin zone (Type A Dirac line), it can be smoothly annihilated only
by first shrinking it to a point so that we can no longer define a path going
around it. However, there are no restrictions concerning the number of Type
A Dirac lines because they can be gapped one by one in this way.
Interestingly, there exists also topologically different type of Dirac lines in
this symmetry class. Intuitively, this is easy to understand because we can vi-
sualize the Brillouin zone as a three-dimensional torus and we can define three
different topological invariants for each Dirac line by counting how many times
the Dirac line winds around the torus in different directions. Here, we concen-
trate on this kind of topological invariant ν corresponding to the stacking
direction kz. For the Type A Dirac lines, which are closed loops fully inside
the Brillouin zone, ν = 0. The other topologically different Dirac lines extend
through the full Brillouin zone in kz direction, so that ν 6= 0 (see Fig. 1). It
turns out that these Dirac lines have different properties than the ones with
ν = 0. In order to understand these differences we consider the Dirac lines
with ν = 1 shown in Fig. 1(b). Similarly as above the Berry phase φ = pi for
any closed path going around the Dirac line. For each value of kz we can now
choose a path in the (kx, ky)-plane with arbitrary large radius (as long as it
does not go around another Dirac line), and we can express the corresponding
Berry phase as a line integral around that path φ =
∮
l
dk ·A(k), where A(k)
is the Berry connection [30]. Since the line integral is φ = pi independently on
kz, we can define a new topological charge
QM =
1
2pi2
∫ pi
−pi
dkz
∮
l
dk · A(k), (5)
so that for ν = 1 this topological charge is quantized to QM = 1. The difference
to the earlier topological charge Q is that QM is expressed as a surface integral
over a closed surface which encloses the whole Dirac line, and this surface can
be taken arbitrarily far away from the Dirac line as long as it does not enclose
any parts of other Dirac lines. (The surface is closed if one considers the
momentum space as a torus so that kz = ±pi are the same point within the
torus.) Therefore, QM can be considered as a topological charge calculated
over a closed surface, which is different from the monopole charge proposed
in Ref. [17]. Furthermore, QM distinguishes Type A and Type B Dirac lines
since for Type A Dirac lines QM = 0. Thus, the topological charge QM can
be used in the identification and search of Type B Dirac lines. More generally,
it is related to ν because QM = ν mod 2.
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If we now take the path in calculation of the Berry phase to go around
the full Brillouin zone in the (kx, ky)-plane, we find that the surface integral is
always necessarily zero. Therefore, it is impossible to have only a single Dirac
line with ν = 1 in the Brillouin zone. This means that the existence of the
charge QM enforces the Dirac lines to come in pairs. Therefore, these Dirac
lines cannot be created and annihilated individually, and the only way to open
a gap in a Type B Dirac-line semimetal is to first merge the Dirac lines in a
pairwise manner. (More generally, in this symmetry class the Dirac lines with
odd ν must always come in pairs [31].) In Sec. 3 we illustrate this type of
topological phase transition taking place as a function of γ1/γ0 in the model
for rhombohedrally stacked honeycomb lattices [Eq. (1)].
3 Phase diagram
Typical realization of stacked honeycomb lattices is one where the layers are
loosely coupled to each other (such as graphite). In that case the band structure
parameters obey the hierarchy γ0  γ1  γ2, γ3, γ4 and the model for the
rhombohedrally stacked honeycomb lattices supports a pair of Dirac lines in
the momentum space extending through the whole Brillouin zone in the kz
direction [13]. These Dirac spirals are centered at the K and K ′ points in the
(kx, ky)-plane, so that the projection of the spiral into this plane is a circle with
radius proportional to γ1/γ0 [see Fig. 3(a),(b)]. As discussed in the previous
section these Type B Dirac lines are protected by SU(2) spin rotation, time-
reversal and inversion symmetries, and they can be gapped only by merging
them in a pairwise manner. We first concentrate on the evolution of these
Dirac lines with increasing γ1/γ0 for γ2 = γ3 = γ4 = 0, and discuss the effects
of the further-neighbor hoppings γ2, γ3 and γ4 afterwards.
The evolution of the Dirac lines with increasing γ1/γ0 is shown in Fig. 3.
For γ1 < γ0 there exists two Type B Dirac lines (red and blue) extending
through the whole Brillouin zone along the kz direction [Fig. 3(a),(b)]. At
γ1 = γ0 there occurs a topological phase transition where the Type B Dirac
lines merge in a pairwise manner and turn into Type A Dirac lines [Fig. 3(c)].
The merging of the Type B Dirac lines occur at the time-reversal invariant
momenta k1,2,3T =: (0, 2pi/
√
3,−2pi/3), (pi,±pi/√3,±2pi/3). In the vicinity of
these merging points at the topological phase transition (γ1 = γ0) the low-
energy theory can be written as
H(k1T + q) = γ0
(
qz − 2√
3
qy
)
σy + γ0
(−3q2x + q2y + 6q2z
12
)
σx (6)
This means that in the (kx, ky)-plane the Dirac dispersions turns into a semi-
Dirac dispersion at the topological phase transition. Somewhat similar topo-
logical phase transitions where the merging of two Dirac points leads to an
appearance of semi-Dirac fermions have been studied previously in various
two-dimensional systems [25, 32–39] and topological phase transitions associ-
ated with merging of Weyl points have also been studied in three-dimensional
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Figure 2: General caption.
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Fig. 3 Evolution of the Dirac lines in the model for rhombohedrally stacked honeycomb
lattices [Eq. (1)] with increasing γ1/γ0: (a) γ1/γ0 = 0.3, (b) γ1/γ0 = 0.9, (c) γ1/γ0 = 1,
(d) γ1/γ0 = 1.005, (e) γ1/γ0 = 1.5, (f) γ1/γ0 = 3. (a),(b) For γ1 < γ0 there exists two
Type B Dirac lines (red and blue) extending through the whole Brillouin zone along the kz
direction. The light red and light blue curves show replicas of these two Dirac lines which are
obtained by shifting the original Dirac lines with a reciprocal lattice vector. (c) At γ1 = γ0
there occurs a topological phase transition where the Type B Dirac lines merge in a pairwise
manner and turn into Type A Dirac lines. The merging of the Type B Dirac lines occur
at the time-reversal invariant momenta k1,2,3T =: (0, 2pi/
√
3,−2pi/3), (pi,±pi/√3,±2pi/3)
(intersection points of red and blue lines). (d), (e) For γ1 > γ0 the system supports a single
Type A Dirac line. Replicas of this Dirac line are shown with light red and light blue curves
to illustrate how this Type A Dirac line is created by merging the Type B Dirac lines. By
increasing γ1/γ0 further, the radius of the Type A Dirac line shrinks. (f) At γ1 = 3γ0 Type
A Dirac line shrinks to a point, and there occurs another topological phase transition where
the system becomes fully gapped by increasing γ1/γ0 further. We have assumed γ3 = 0
but this parameter only renormalizes the critical points of the topological phase transitions
so that the picture stays qualitatively the same as long as |γ3| < 0.5γ0. The other further
neighbor hoppings γ2 and γ4 do not have any effect on the Dirac lines.
systems [40–42]. Generically, at the merging transitions the dispersion turns
from linear to parabolic in the direction where the merging occurs. In this
case the dispersions around the Dirac lines are linear in qx before the merging
(γ1 < γ0) but they turn parabolic in qx at the transition (γ1 = γ0).
For γ0 < γ1 < 3γ0 the system supports a single Type A Dirac line
[Fig. 3(d),(e)]. By increasing γ1/γ0, the radius of the Type A Dirac line shrinks.
At γ1 = 3γ0 the Type A Dirac line shrinks to a point at the time-reversal in-
variant momentum k4T = (0, 0, pi), and there occurs another topological phase
transition where the system becomes fully gapped by increasing γ1/γ0 further.
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In the vicinity of the transition the low-energy theory can be written as
H(k4T + q) = γ1qzσy +
(
3γ0 − γ1 +
−γ0q2x − γ0q2y + 2γ1q2z
4
)
σx. (7)
This low-energy Hamiltonian describes the typical phase transition where as
a function of a parameter γ1 the radius of Type A Dirac loop (proportional
to
√
3− γ1/γ0 for γ1 < 3γ0) shrinks to a point at the transition (γ1 = 3γ0)
and then the system becomes fully gapped by further increasing the parameter
(γ1 > 3γ0). Similar transition is discussed for example in Ref. [17] for Dirac
loops which do not support a monopole charge so that they can be gapped
after they have been shrunk to a point.
We now discuss the effects of the further neighbor hoppings on the tran-
sitions discussed above. The terms γ2 and γ4 do not have any effect on the
Dirac lines or transition points except that they shift the band crossings to a
finite energy. The terms proportional to γ2 and γ4 give rise to extra terms in
the low-energy Hamiltonians (6) and (7)
δH(q) = (C +Dxq
2
x +Dyq
2
y +Dzq
2
z + Eqyqz)σ0, (8)
where C, Dx, Dy, Dz and E are coefficients which depend on γ2 and γ4. These
terms only lead to small quantitative changes in the dispersions around the
band crossing points but do not affect the qualitative nature of the transitions.
The parameter γ3 only renormalizes the critical points of the topological
phase transitions, but the picture stays qualitatively the same and the transi-
tions even occur at the same time-reversal invariant momenta k1,2,3,4T as long
as |γ3| < 0.5γ0. In the presence of γ3 the topological phase transition from
Type B Dirac lines to Type A Dirac lines occurs at γ1 = γ0 +γ3 and the tran-
sition from Type A Dirac line to a gapped system occurs at γ1 = 3γ0 − 3γ3.
Additionally, γ3 just renormalizes the numerical coefficients in the low-energy
Hamiltonians and gives rise to some unimportant cross terms proportional to
qyqz multiplying σx in the low-energy Hamiltonian (6). It does not lead to
terms proportional to qxqz and qxqy because of the mirror symmetry of the
structure with respect to the (y, z)-plane. In the Hamiltonian (7) these cross
terms cannot arise at all because of the mirror symmetry with respect to the
(y, z)-plane and rotation symmetries by ±2pi/3 around the z-axis.
4 Surface state spectrum
In order to compute the momentum-space structure of the surface states we
follow a similar approach as in Ref. [20]. Namely, we first assume that the fur-
ther neighbor hoppings can be neglected γ2 = γ3 = γ4 = 0, and discuss their
effects afterwards. The Hamiltonian then satisfies a chiral symmetry [Eq. (4)],
which simplifies the calculation of the surface state spectrum. We start by
considering the surface states at the top and bottom surfaces (Fig. 4). Be-
cause of translational invariance in the x- and y-directions kx and ky are good
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Figure 3: Hamiltonian of rhombohedral graphite has a period of 4⇡
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Fig. 4 W (kx, ky) for γ2 = γ3 = γ4 = 0 and various values of γ1/γ0: (a) γ1/γ0 = 0.3, (b)
γ1/γ0 = 1, (c) γ1/γ0 = 1.5, (d) γ1/γ0 = 3. |W (kx, ky)| determines the number of zero-energy
surface states at the top and bottom surfaces. The transitions between different values of
W occur at the momenta of the projected Dirac lines so that the surface states form flat
bands in regions of (kx, ky) bounded by the projected Dirac lines. (a) For γ1 < γ0 there
exists two Type B Dirac lines and the flat bands are formed inside the regions bounded
by each of them separately (regions bounded by red and blue lines). (b) At γ1 = γ0 there
occurs a topological phase transition where Type B Dirac lines merge in a pairwise manner
and turn into Type A Dirac lines. This merging transition shows up as a unification of the
regions of the flat bands. (c) For γ1 > γ0 the system supports a single Type A Dirac line.
The flat band is now formed everywhere outside the region bounded by its projection. (d)
At γ1 = 3γ0 the Type A Dirac line shrinks to a point and surface flat bands now appear at
all momenta (kx, ky) except this point (kx, ky) = 0.
quantum numbers and by fixing them we get a 1D Hamiltonian Hkx,ky (kz),
which depends only on kz. Because of the chiral symmetry the 1D Hamil-
tonians Hkx,ky (kz) have well-defined topological invariants. To calculate this
topological invariant, we first notice that the Hamiltonian can be written in a
block-off-diagonal form
H(k) =
(
0 Φ(k)
Φ∗(k) 0
)
. (9)
The topological invariant can then be defined as a winding number
W (kx, ky) = − i
2pi
∫
dz(kz)
z
, z =
Φ(k)
|Φ(k)| , (10)
where the integration is over the 1D Brillouin zone in kz direction. W (kx, ky) is
well-defined whenever there are no gap closings as a function of kz, and in these
cases |W (kx, ky)| determines the number of zero-energy surface states for each
kx and ky. Therefore, the winding number and the number of topologically
10 T. Hyart et al.
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Fig. 5 W (kx, kz) for γ2 = γ3 = γ4 = 0 and various values of γ1/γ0: (a) γ1/γ0 = 0.3, (b)
γ1/γ0 = 1, (c) γ1/γ0 = 1.5. |W (kx, kz)| determines the number of zero-energy surface states
at the side surface with the specific surface termination shown in the figure both from above
and from a three-dimensional perspective. For γ1 < γ0 there are regions in the momentum
space with more than one surface flat band |W (kx, kz)| > 1. Such regions are possible
because the period of the surface in the z-direction is three times the distance between
the layers, so that there exists three different projections of each of the bulk Dirac lines in
the (kx, kz)-plane (red and blue lines). After the merging transition (γ1 > γ0) the Type A
Dirac line gives rise to regions with W (kx, kz) = 1 and W (kx, kz) = −1. The different signs
of W (kx, kz) indicate that the surface states are localized in the different sublattices. By
increasing γ1/γ0 the regions of the flat bands shrink and they disappear at γ1 = 3γ0.
protected zero-energy states can only change at the momenta of the projected
Dirac lines. By computing W (kx, ky) for various values of γ1/γ0 we arrive at a
flat band (zero energy) spectrum in the regions of the (kx, ky) with W 6= 0 in
Fig. 4. For γ1 < γ0 the flat bands are formed inside the regions bounded by each
of the Type B Dirac lines separately [Fig. 4(a)] as discussed in Refs. [13, 14].
At γ1 = γ0 the Type B Dirac lines merge in a pairwise manner and turn into
Type A Dirac lines, and this shows up as a unification of the regions of the flat
bands [Fig. 4(b)]. Similar merging of flat band surface states in a rhombohedral
multilayer graphene-like system has been considered earlier as a function of an
increasing anisotropy in the intra-layer hopping parameters [43]. Interestingly,
for γ1 > γ0 the flat band is formed everywhere outside the region bounded by
the projected Type A Dirac line [Fig. 4(c)], and therefore when the Type A
Dirac line has shrunk to a point at γ1 = 3γ0 the surface flat bands appear at
all momenta (kx, ky) except this point (kx, ky) = 0 [Fig. 4(d)]. For γ1 > 3γ0
the system is fully gapped, but the zero-energy surface flat bands still appear
at all momentum and they are completely detached from the bulk bands.
This type of surface flat bands has been found previously in two-dimensional
systems [44].
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We can now use a similar procedure to compute the momentum-space
structure of the surface states at the side surfaces. This way we obtain that
W (ky, kz) = 0 for all values of ky and kz, which means that there are no sur-
face flat bands at the surface perpendicular to the x-direction. This result is
analogous to the earlier finding that there are no flat bands at the armchair
edge in graphene [9]. (The surface perpendicular to the x-direction consists of
a stack of armchair edges.) On the other hand, for the surface perpendicular
to the y-direction we find regions with W (kx, kz) 6= 0 indicating the existence
of flat bands. The momentum-space structure flat bands for various values of
γ1/γ0 are shown in Fig. 5. Importantly, for γ1 < γ0 there exist also regions in
the momentum space with more than one surface flat band |W (kx, kz)| > 1.
Such regions are possible because the period at the surface in the z-direction
is three times the distance between the layers, and therefore there are three
different projections of each of the bulk Dirac lines in the (kx, kz)-plane (see
Fig. 5). The detailed momentum-space structure of the flat bands for γ1 < γ0
can be understood by noticing that the surface perpendicular to the y-direction
contains a periodic sequence of stacks with two zigzag edges and one bearded
edge (see Fig. 5). Therefore, by utilizing the results found in Ref. [9], we can
interpret our numerical results in such a way that the two zigzag edges essen-
tially give rise to the two flat bands in the region with W (kx, kz) = 2 and the
bearded edge is responsible for the region with W (kx, kz) = −1 in Fig. 5(a).
The different signs of W (kx, kz) indicate that the surface states are localized
in the different sublattices. After the merging transition (γ1 > γ0) the Type A
Dirac line gives rise to regions with W (kx, kz) = 1 and W (kx, kz) = −1 indi-
cating that there still exists surface states localized in the different sublattices.
By increasing γ1/γ0 the regions of the flat bands shrink and they disappear at
the topological phase transition where the system becomes gapped (γ1 = 3γ0).
The detailed momentum-space structure of the flat bands depends on exact
surface termination similarly as in the case of graphene [9]. The only generic
property of the surface states, which is independent of the surface termination,
is that the surface flat bands are always bounded in the momentum space by
the projected Dirac lines.
The effects of the further neighbor hoppings on the surface states can be
computed quantitatively similarly as in Ref. [20] for the case of Bernal graphite.
Here, we only discuss these effects qualitatively. The term proportional to
γ3 obeys chiral symmetry. Therefore, the same procedure of calculation of
W (kx, ky) and W (kx, kz) can be repeated also for γ3 6= 0. Because for |γ3| <
0.5γ0 all the transitions stay qualitatively similar, the only effect of γ3 in this
regime is a small modification of the shape of the projected Dirac lines, so that
the boundaries of the regions where the flat bands appear are slightly modified.
On the other hand, the parameters γ2 and γ4 break the chiral symmetry and
cause the Dirac lines to appear at finite energy. Similarly as found in Ref. [20]
for the case of Bernal graphite, the terms breaking the chiral symmetry also
modify the dispersions of the surface states, so that they turn the flat bands
into a drumhead surface which are bounded by the projected Dirac lines both
in energy and momentum. In the region in between the Dirac lines the surface
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states are no longer flat and their dispersions are determined by the terms
proportional to γ2 and γ4 [45]. If these parameters are small the surface bands
are still approximately flat.
5 Summary and discussion
We have shown that in the presence of time-reversal, inversion and spin rota-
tion symmetries there can exist two different types of Dirac lines depending
on whether the Dirac lines form closed loops fully inside the Brillouin zone
(Type A Dirac lines) or they extend through the whole Brillouin zone in one
of the directions (Type B Dirac lines). In the case of Type B Dirac lines, an
energy gap can be opened only by first merging the Type B Dirac lines in
a pairwise manner so that they turn into Type A Dirac lines, and then by
shrinking these loops into points. We show that this kind of topological phase
transition can occur in rhombohedrally stacked honeycomb lattices by tuning
the ratio of the tunneling amplitudes. We have also discussed the properties
of the surface states in the different phases of the model.
The Dirac line semimetals considered in this paper are particularly inter-
esting because of the possible symmetry-broken states at the surface triggered
by the large density of states caused by the topologically protected approx-
imately flat bands. These symmetry-broken states may for example lead to
realization of high-temperature superconductors or interesting magnetic or-
ders [46–48]. Moreover, they are expected to be exotic states of matter since
they cannot be described with a mean field theory [49].
Rhombohedral graphite has been studied also experimentally, and evidence
of the surface flat bands has been reported [50,51]. Moreover, the accumulated
experimental evidence (e.g. sharp drop of resistance as a function of tempera-
ture and Josephson-like I-V characteristic) for graphite samples indicates the
existence of high-temperature granular superconductivity which is localized
at internal interfaces [52–56]. Nevertheless, a development of a consistent and
comprehensive theory for all graphite experiments is a difficult and unsolved
problem. In particular, the recent experiments for rhombohedral graphite were
interpreted as evidence of a bulk energy gap Egap ∼ 100 meV for rhombohedral
graphite [57]. In the light of the theory developed in this paper this observa-
tion is mysterious. Namely, according to the theory the rhombohedral graphite
should be a Type B Dirac-line semimetal protected by the lattice translation,
time-reversal, inversion and spin rotation symmetries. Moreover, the only way
to open an energy gap in the presence of these symmetries (in a mean field the-
ory description) is to merge the two Type B Dirac lines with each other, which
requires a huge perturbation on the order of γ0. Since this is not feasible in
rhombohedral graphite the only possible explanation (assuming high-quality
crystal structure so that the symmetries are not explicitly broken) would be
that this bulk energy gap is due to interaction effects. Strong interactions
could in principle either lead to a spontaneous symmetry-breaking in the bulk
destroying the protection of the Dirac lines or to a strongly correlated state
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which cannot be described with a mean field theory. In both cases the open-
ing of an energy gap is in principle possible. Moreover, such kind of strong
interaction effects are in principle possible. According to a simple theoretical
estimate the Hubbard U parameter in graphite can be U ∼ 6 eV [58], whereas
γ0 is typically assumed to be γ0 ∼ 2.8 eV [59].
In addition to the relevance of our theory for the rhombohedral graphite,
we have made explicit predictions concerning the topological phase transition
between Type B and Type A Dirac-line semimetals. These transitions could
be realized experimentally in systems where the lattice potential can be con-
trolled, so one essentially needs a three-dimensional generalizations of the type
of two-dimensional systems where the merging transition of Dirac points have
already been observed [35–38].
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